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ABSTRACT  
High-resolution FMCW radar systems are becoming an integral aspect of applications ranging from 
automotive safety and autonomous driving to health monitoring of infants and the elderly. This integration 
provides challenging scenarios that require radars with extremely high dynamic range (HDR) ADCs; these 
ADCs need to avoid saturation while offering high-performance and high-fidelity data-acquisition. The 
recent concept of Unlimited Sensing allows one to achieve high dynamic range (HDR) acquisition by 
recording low dynamic range, modulo samples. Interestingly, oversampling of these folded measurements, 
with a sampling rate independent of the modulo threshold, is sufficient to guarantee their perfect 
reconstruction for band-limited signals. This contrasts with the traditional methodology of increasing the 
dynamic range by adding a programmable-gain amplifier or operating multiple ADCs in parallel. This 
paper demonstrates an FMCW radar prototype that utilises the unlimited sampling strategy. Our hardware 
experiments show that even with the use of a modulo measurements of lower precision, the US 
reconstruction is able to match the performances of the conventional acquisition. Furthermore, our real-time 
processing capability demonstrates that our “proof-of-concept” approach is a viable solution for HDR 
FMCW radar signal processing, thus opening a pathway for future hardware-software optimization and 
integration of this technology with other mainstream systems. 

1.0 INTRODUCTION 

Developing high dynamic range (HDR) Analog-to-digital converter (ADC) is pivotal to radar technology. 
Factors such as the inverse-square law and material reflectivity impose physical constraints on the dynamic 
range (DR) in ranging applications and this is also the case with radar systems. Due to the inverse-square, 
amplitude decay is natural as the distance of the object increases from the radar. This, in part, results in the 
common-place problem of detecting weak targets in strong background target or clutter response. Other 
scenarios where the DR leads to measurement challenges include, 

1) Detecting humans (e.g. children) next to large objects e.g. truck, or a strong clutter [1]. 

2) Recording radar reflectivity measurements from moderate to heavy precipitation in weather radar [2]. 

3) Obtaining maximum possible penetration depth in strongly inhomogeneous materials in Ground 
Penetrating Radar (GPR) [3]. 

Current Approaches to the DR Problem. The different solutions for addressing the DR issue in radar 
systems include, 

• One-time calibration of the ADC to match the DR of the signal of interest. 
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• Using Automatic Gain Control (AGC) prior to the ADC to automate the above solution. 

• Using multiple ADCs with different gains, namely, interleaved gain ADC [5], [6]. 

In the last approach, the idea is to attenuate a selective subset of the data before it gets sampled, so that if 
clipping is detected after the sampling process, it is possible to estimate the missing samples using the non-
clipped samples that were attenuated. But the increment in signal distortion and its noise level are side effects 
of these approaches. This is similar to HDR photography and imaging [7], [8]. 

 

Figure 1: An oscilloscope snapshot of the operation of unlimited sampling ADCs [4]. 

FMCW Radars at Lower Sampling Rates. Frequency Modulated Continuous Wave (FMCW) radar 
sensors are known to be a cheap and efficient solution for sensing in automotive and indoor applications. By 
resorting to analog domain dechirping operations, also referred to as stretch processing1, the FMCW radars 
register a narrowband signal at the receiver. The key advantage of de-chirping is that the received signal can 
be sampled at much smaller sampling rates compared to the signal’s bandwidth [10]–[12]. Not surprisingly, 
this advantage has been capitalized in different application scenarios and research efforts have been focused 
towards enhancing DR of the radar systems [11], [13], [14]. For instance, the approach in [14] utilizes a 
phase noise based detection procedure to improve the DR of an airborne FMCW cloud radar (operating in 
167 GHz frequency) by 18dB. However, this entails a cost in that one has to pay a detection sensitivity 
penalty of about 3dB, which can be non-negligible in certain applications. 

In FMCW radar based applications, large dynamic range of the sensor leads to the possibility of measuring 
of widely varying amplitudes without attenuating the strong reflections by using an AGC. However, adding 
these AGCs results in a increase in price and size of the device; a bottleneck in mass production. 

Our Approach: Modulo Sensing for Radars. Conventional digital acquisition pipelines consider hardware 
and algorithms independently. Thus any loss of information during acquisition has implications when 
utilizing recovery algorithms. To overcome the fundamental DR issue in digital acquisition, an alternative 
sampling pipeline has been proposed recently, namely, Unlimited Sampling Framework (USF) [4], [15]–
[17]. The USF leverages a joint design of hardware and algorithms to overcome the clipping or saturation 
problem. In particular, 

 
1 This involves transmitting a wideband FMCW signal and mixing the reflected echoes with an accurately timed local oscillator 

of the same chirp-rate [9]. 



Unlimited Sampling for FMCW Radars: A Proof of Concept 

STO-MP-SET-319 10 - 3 

 

 

• On the hardware front, modulo non-linearity is injected so that the continuous time signal is folded 
into the dynamic range of the ADC. Thereon, one samples the low dynamic range (LDR) signal 
using the unlimited sampling ADCs, hereafter referred to as US-ADCs. For a hardware validation of 
the USF approach we refer to [4]. An exemplary output of the US-ADC is shown in Figure 12. 

• On the algorithmic front, mathematically guaranteed reconstruction methods are utilized for 
reconstructing the HDR signal from its LDR, modulo samples. For instance, in [15], [17], a 
Shannon-Nyquist like sampling theorem was proven that showed that modulo samples can be 
recovered from a constant factor oversampling (cf. Theorem 1). Non-linear reconstruction strategies 
that can handle hardware data in presence of noise and non-idealities have been presented in [4]. 

Motivation and Contributions. Through the examples different examples in our discussion and literature, 
we have seen that the wide spread dynamic range problem in the context of radars naturally necessitates 
solutions for HDR signal acquisition. To this end, we take a first step towards a “modulo sampling” based 
radar. Our key observation is that owing to the de-chirping process, the received signal in FMCW radars is 
narrowband and this matches the hypothesis of the USF. At the same time, the new signal models, hardware 
pipeline and use of modulo non-linearities requires non-trivial tailoring of both hardware and algorithms 
alike. In this context, and to the best of the author’s knowledge, this is the first application of the USF to 
practical noisy radar data that is, moreover, performed on a real-time platform. This first iteration of the 
USF-FMCW radar, showcases that high-dynamic range FMCW radar signals can be successfully acquired 
and perfectly reconstructed from their modulo measurements, allowing for the recovery of weaker targets. 
This work paves the way to new and more efficient radar architectures with a joint acquisition-reconstruction 
design approach using USF. 

The structure of the paper is as follow: a short overview of the FMCW radar is provided in Section II, Section 
III introduces the USF, finally experimental results are presented in Section IV before concluding in Section V. 

2.0 FMCW RADAR MODEL 

This work aims to showcase the potentialities that the USF provides to radar signal processing and its impact 
on their associated hardware. To that end, we restrict our setting to a simple FMCW radar with one transmit 
and one receive antenna pair. This simple setting leads to a 1-D estimation problem, as this radar can only 
infer the range; yet, this alone enables us to clearly highlight the advantages that the USF provides to radar 
signal processing. 

The radar transmits a signal s(t) defined as: 

 

where, f (t) is the carrier frequency function defined as: 

 

where, 

• f0 the carrier frequency. 

• B the bandwidth spanned by the chirp function f (t). 

• Tc the duration of the chirp. 

 
2 A live demonstration of this hardware is available at the following link https://youtu.be/I9f1S0F3s5E. 
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Let us consider a simple scenario with one target located at a range R in front of the radar. The received 
signal can be expressed, after dechirping as 

 (1) 

where c is the speed of light and φ′ = φ + 2πf0 2R/c. In words, the coherent demodulation translates the time 
delay 2R/c into a frequency shift proportional to the range of the targets B. 

Considering now a purely additive model, the signal back-scattered from a scene with  targets at different 
ranges  is simply a sum of sines with different frequencies related to their respective ranges, 

 

The power received from each targets, i.e. αk, with k ∈ [K], can vary by multiple order of magnitudes 
because of their range or Radar Cross Section (RCS). In a similar manner to Shannon’s sampling theorem, 
the novel theory of unlimited sampling proves that a bandlimited function with a wide dynamic range can be 
precisely reconstructed from oversampled, low dynamic range samples [22]. In parallel to this fact, the 
performance efficiency of radar receivers is often greatly influenced by the power imbalance between 
multiple targets in the scene. Indeed, to be able to detect a weak target in the background of a strong target 
(clutter), a high dynamic range ADC is required. In this context, the received signal model in (1) can be 
sampled and reconstructed using the USF which provides a very high dynamic range. 

3.0 UNLIMITED SAMPLING 

This section reviews the acquisition model and reconstruction guarantees for the USF, specifically in the 
context of bandlimited signal classes. The key to the USF is that modulo non-linearity preceding the sampler 
or the ADC, precludes saturation [4], [15]–[17]. As demonstrated recently in [4], the modulo non-linearity 
can indeed be implemented in hardware and the reconstruction algorithms lead to the desired HDR signal 
recovery, up to 24λ [4], in practice. In this paper, we implement the USF concept using an actual radar and 
evaluate its performance with real time acquisition and processing. Our experimental platform acquires the 
radar signal with an ADC of finite resolution which introduces quantization noise. For the sake of 
conciseness however, this section only introduces the unlimited sampling framework in the context of un-
quantized acquisition. The effect of quantization in the context of unlimited sampling has been studied in 
[17]. 

3.1 Model and Theory 
USF proposes to record folded versions of the signal. These measurements are expressed as 

 

where [r] is the flooring function. The operator (.) effectively folds the measurements around ±λ (see 
Figure 1). 
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While the US-ADC has an obvious advantage over traditional ADC architecture in that it circumvents the 
signal saturation problem, the full potential of this approach is only relevant if signal of interest can be 
reconstructed from these folded measurements. The aim of this paper is not to provide an exhaustive 
overview of the theory of Unlimited-Sampling (we refer the reader to [17]). We, nonetheless, provide 
hereafter the main result that motivate the use USF in FMCW radar signal processing. 

Theorem 1 (Unlimited Sampling Theorem, [15]). Let g(t) be a finite energy, bandlimited signal with 
maximum frequency Ω and let y[n], n ∈ Z in (2) be the modulo samples of g(t) with sampling rate 1/T. Then 
a sufficient condition for recovery of g(t) from y[n] is that T 1/2Ωe (up to additive multiples of 2λ) where e 
denotes Euler’s constant. 

The result of Theorem 1 is striking. Similar to Shannon’s sampling theorem, introduced in [23]. Theorem 1 
asserts that any band-limited signal can be successfully recovered from modulo measurements as long as the 
sampling rate is high enough. Interestingly, this rate is only a multiple of the one prescribed by Shannon, and 
does not depend on the dynamic range of the US-ADC, i.e., it does not depend on λ. 

3.2 Reconstruction Algorithm 
The key idea behind the recovery of a signal from its modulo samples is that the higher-order finite 
differences commute with the modulo operation in a certain sense. Under appropriate conditions (cf. 
Theorem 1) the higher order difference of the modulo samples matches the high order differences of the 
original measurements [17]. Let 

 

denote the modulo samples of the Ω–bandlimited signal r(t), at t = kT , where T  1/2Ωe is the sampling 
time. The first order difference of a signal s[k] is denoted by . Then,  is 
the N –th order difference can be obtained by recursive application of the finite-difference 
operator, . For N given by, 

, 

With  applying on , we obtain  or,  

 

Thereon, it remains to invert . Instead of inverting a bandlimited sequence, in the unlimited sampling 
algorithm, one inverts  because . Algorithm 1 
recovers  (up to an unknown constant) and thereon, . 
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4.0 EXPERIMENTAL RESULTS 

To showcase the potential benefits of the USF for radars, we setup a hardware experiment based on the 
Coffee Can Radar from MIT3. The prototype setup is shown in Figure 2. This FMCW radar has a carrier 
frequency of  = 2.47GHz and a bandwidth of B = 150MHz. The received signal corresponding to a chirp is 
sampled at 800 points which gives a range resolution of δR = 1m and maximum range recoverable of = 
400m. The radar is connected to dual-polarised horn antennas [24] and has an acquisition board with 12-bit 
ADC resolution that spans a range of ∆V = 3.3V. 

 

Figure 2: Experimental setup. 

A snapshot of the real-time processing and data visualisation software4 is shown in Figure 3. The 
experimental setup is shown in Figure 2—two cars driving away from the radar. For all of our plots, the red 
curves denote conventional ADC data, the green curves denote USF measurements. The signal amplitude is 
normalized according to the DR of the ADC used for the acquisition, i.e. they lie in [0, 1]. The USF 
measurements are generated in software from the classical measurements. Future work will consider the 
direct acquisition of signals using US-ADCs developed in [4]. Figure 3 (a) represents the raw signals 
obtained with classic ADCs and US-ADCs, the threshold of the modulo operator Mλ(·) is set to λ = 0.025. 
The radar used in this experiment suffers from a significant RF leakage between the transmit and receive RF 
chains that completely overshadows the actual received signal from the scene. The signal of interest, coming 

 
3 see https://spectrum.ieee.org/coffeecan-radar  
4 A video of the live acquisition and reconstruction process is available here or 

https://www.youtube.com/watch?v=oGzlsncMiTo 

https://spectrum.ieee.org/coffeecan-radar
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from the reflection of the two moving cars in the scene (see Figure 2), is obtained using a three-pulse 
canceller Moving Target Indication (MTI) filter [25], i.e., 

 

where the super-script s−· indicates the index of the reflected signal from every chirp transmission, e.g. s0[n] 
is the current reflection and s−2[n] are measurements acquired 2 chirps before. The green curves in Figure 3 
(c) has a dynamic range of ≈ ±0.01, which is orders of magnitude below the dynamic of the raw signal in 
Figure 3(a) that is dominated by the RF leakage. The folded signal in (a) is reconstructed in real-time using 
the method described in Algorithm 1 and is represented as the green curve in Figure 3(b). As expected, the 
modulo operation removes the information about the DC component of the signal; the reconstructed signal is 
centred around zero instead of 0.5. This has no effect in the performance of FMCW radar estimation as the 
DC component corresponds to a target located at the 0m range bin and is often filtered out. 

 

Figure 3: Real-time Python application showcasing the USF for FMCW radar; (a) are the raw 
signal in red and the corresponding US one in green; (b) is the raw signal in red and the 
reconstructed signal from US measurements; (c) is the MTI signal obtained using (3) from the 
classic signal in red and the reconstructed signal in green (the sign of the signal is flipped to aid 
the visual comparison); (d) is the range profile obtained using FFT from the raw signal in (c) in 
red and the USF based one in (c) in green. 

In Figure 3(c), we compare the application of (3) on both the raw measurements (red) and the reconstruction 
from modulo measurements (green). The flipped sign is used to ease visual inspection. Because the targets 
that we are measuring are at small ranges compared to the maximum range , the acquired signal is 
effectively over-sampled and the conditions for perfect reconstruction in Theorem 1 are met; the 
reconstruction is exact up-to machine precision. 

Finally, the range profiles obtained by applying a Fourier transform on the time signals in Figure 3(c) is 
presented in Figure 3(d). The two range profiles are superimposed as their time signal counterpart are 
identical. 
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Table 1: Parameters for radar experiment. 

 

Remark. It is important to note that, because the US measurements are generated in software from the 
classic measurements, their resolution in Volts remains the same but their associated number of bits are 
different. Indeed, the classic ADC can acquire data without saturation in [0, 1]∆V with 12-bits of resolution. 
This corresponds, for the synthesised US-ADC, to a dynamic of [−0.025, 0.025]∆V with a dramatically 
lower resolution of ≈ 7-bits. Using an actual US-ADC with a resolution that matches its classic counterpart 
would then increases the absolute resolution and lower the quantization noise, allowing for the USF based 
processing to outperform the classic acquisition and reconstruction scheme. 

5.0 CONCLUSIONS AND FUTURE WORK 

Using a hardware setup, in this work we demonstrated for the first time a real-time processing capability for 
the Unlimited Sampling Framework (USF), on practical FMCW radars. We showed that the USF can be 
successfully used to acquire and process high dynamic range signals reflected by multiple targets using an 
FMCW radars. To that end, we developed a real-time demonstrator using the MIT Coffee-Can Radar and 
showed that the acquisition can be lowered to 5% of the original dynamic range while still providing perfect 
signal reconstruction with identical range profile. Our preliminary steps raise a number of interesting 
questions for future work. 

• The implementation of the whole chain practically, i.e., using US-ADCs [4] in the pipeline is the 
next logical step for hardware validation. 

• While we considered a simple 1-D range recovery problem, the radar model could be extended to 
any radar application where the acquired signal is shown to be bandlimited, e.g. Range-Doppler, 
angle of arrival, MIMO processing. 

• This work performed the reconstruction from USF measurements and the range estimation 
sequentially in order to the highlight the fact that HDR signal can be perfectly reconstructed from 
modulo measurements. One could instead study the recovery of the desired information (e.g. range) 
directly from the folded measurements. 
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